Summary. We propose to regularize the convective term in the Navier-Stokes equations in such a manner that the symmetries that correspond to the invariance of the energy, the enstrophy (in 2D) and helicity are preserved. The underlying idea is to restrain the convective production of smaller and smaller scales of motion by means of vortex stretching in an unconditional stable manner, meaning that the solution can not blow up (in the energy-norm). The numerical algorithm used to solve the governing equations preserves the symmetry properties too. The simulation shortcut is successfully tested for a turbulent channel flow (Reτ = 180).
Introduction
Most turbulent flows can not be computed directly from the (incompressible) Navier-Stokes equations,
because they possess far too many scales of motion. The computationally almost numberless small scales result from the nonlinear convective term C(u, v) = (u · ∇)v which allows for the transfer of energy from scales as large as the flow domain to the smallest scales that can survive viscous dissipation. As the full energy cascade can not be computed, a dynamically less complex mathematical formulation is sought. In the quest for such a formulation, we consider smooth approximations (regularizations) of the convective term:
where the variable name is changed from u to u to stress that the solution of (2) differs from that of (1). Notice that by filtering (2) and comparing the result term-by-term with the equation governing the dynamics of the filtered velocity u in LES, we may identify the closure model, see also [1]:
Here, we want to smooth the convective term directly to set bounds to the creation of smaller and smaller scales of motion and thus to confine the cascade of energy. That is, the low modes of the solution u of (2) should approximate the corresponding low modes of the solution u of the Navier-Stokes equations (1), whereas the high modes of u should vanish much faster than those of u.
In that case, Eq. (2) provides a basis for a simulation shortcut. The first outstanding approach in this direction goes back to Leray [2] , who took C(u, u) = C(u, u) and proved that a moderate filtering of the convective velocity is sufficient to regularize a turbulent flow. Cheskidov et al. [3] have analyzed Leray's approximation for a Helmholtz filter. They show that the complexity of the 3D Leray model lies between that of the 2D and 3D NavierStokes equations. The Navier-Stokes-alpha-model forms another example of regularization modeling, see for instance [4], [5] . In this model, the convective term becomes C r (u, u) = C r (u, u) , where C r denotes the convective operator in rotational form:
The regularization method basically alters the nonlinearity to control the convective energetic exchanges. In doing so, one can preserve certain fundamental properties of (the convective operator in) the Navier-Stokes equations exactly, e.g., symmetries, conservation properties, transformation properties, Kelvin's circulation theorem, Bernouilli's theorem, Karman-Howarth theorem, etc. [6] .
In this paper, we propose to smooth C in such a manner that the symmetry properties that yield the invariance of the energy, the enstrophy (in 2D) and helicity are preserved. The underlying idea is to restrain the convective production of smaller and smaller scales of motion by means of vortex stretching, while ensuring that the solution does not blow up (in the energy-norm; in 2D also: enstrophy-norm). We anticipate that the unconditional stability enhances the accuracy at coarse resolutions. Here, it may be pointed out that the unconditional stability of C allows for simulations at arbitrary coarse grids, provided the discretization of C preserves the symmetry too, see for instance [7] .
Symmetry-preserving smoothers
Approximations of particular interest are the ones that conserve the energy, the enstrophy (in 2D) and the helicity in the absence of viscous dissipation, among others because they are intrinsically stable (in the energy-norm; in 2D: enstrophy-norm). Note: the Leray model conserves the energy, but not the enstrophy or helicity, whereas the Navier-Stokes-alpha model conserves the enstrophy and helicity, yet not the energy.
The evolution of the energy follows from differentiating (u, u) with respect to time and rewriting ∂ t u with the help of (1). In this way, we get a convective contribution given by the trilinear form (C(u, u), u) . Since this form is skewsymmetric with respect to the last two arguments, that is
